Abstract. The purpose of the present paper is to discuss examples of a ne Riemann surface laminations which do not admit a leafwise Euclidean structure. The rst example of such a lamination was constructed by Ghys Gh97]. Our discussion is based on the geometric methods developed by Lyubich, Minsky and the author LM97], KL01], which rely on the observation that any a ne surface A gives rise in a natural way to a hyperbolic 3-manifold HA with a distinguished point at in nity. In particular, we give a new interpretation and a generalization of the example of Ghys.
Affine and hyperbolic laminations
In this Section we recall the basic facts on the relationship between a ne and hyperbolic laminations. Although our exposition is self-contained, more details on this relationship can be found in KL01].
1.A. A ne and Euclidean surfaces. By endowing a Riemann surface S with an atlas of coordinate charts with transition maps from a given pseudo-group C (contained in the pseudo-group of all holomorphic maps) one can de ne ner geometric structures on S.
De nition 1.1. We shall say that S is (i) an a ne Riemann surface, if C is the group of all complex a ne maps z 7 ! az + b; a; b 2 C ; a 6 = 0; (ii) a Euclidean surface, if C is the group of all maps z 7 ! az + b; a; b 2 C ; jaj = 1 (so that the transitions are Euclidean motions).
If S is an a ne surface, then its tangent and cotangent bundles (and hence all tensor bundles) are endowed with a natural at connection. Being parallel with respect to this connection means to have constant coe cients in any a ne coordinate chart (the reader is referred to Ca88] and Go88] for general notions from the theory of a ne manifolds).
So, one can talk about parallel vector elds, forms, Riemannian metrics, etc. on S. In these terms a Euclidean surface is just an a ne surface endowed with a parallel conformal metric.
An a ne Riemann surface structure is the same as a complex a ne structure, or, in \real terms", a projective Euclidean ( similarity) structure. In particular, an a ne plane is R 2 endowed with the class of all multiples of a given Euclidean structure.
Any complete a ne surface is a quotient of the a ne plane by a freely acting discrete group of Euclidean motions. Therefore, for any such surface the a ne structure can be re ned to a Euclidean one, i.e., there exists a parallel conformal metric. However, this is no longer true if we pass from a single surface to a collection of surfaces assembled into a lamination.
1.B. Hyperbolic space. Before describing a relationship between a ne surfaces and 3-dimensional hyperbolic geometry, let us rst recall the basic notions concerning the hyperbolic space.
The sphere at in nity @H 3 is the boundary of the visibility compacti cation of the 3-dimensional hyperbolic space H 3 . The space H 3 with a distinguished boundary point q 2 @H 3 is called pointed at in nity.
By P q = @H 3 nfqg we denote the punctured visibility sphere. The hyperbolic space H 3 is bered over P q by means of the projection p q which assigns to any h 2 H 3 the uniquely determined point p q (h) 2 P q such that h lies on the geodesic joining q and p q (h). De nition 1.2 ( Ka90] Below we shall usually omit the subscript q when the point at in nity q is xed.
These notions are best illustrated by looking at the upper half-space model H 3 = C R + = (z; t) : z 2 C ; t > 0 ; d 2 = jdzj 2 + dt 2 t 2 ;
(1.4) where jdzj 2 is the standard Euclidean metric on C .
The geodesics in this model are either Euclidean half-circles orthogonal to the boundary plane or vertical lines, and the visibility sphere is the union of the distinguished point at in nity q = 1 and the boundary plane P = (z; t) : z 2 C ; t = 0 = @H 3 n fqg : The Busemann cocycle with respect to the point q = 1 is (h 1 ; h 2 ) = log t(h 2 ) t(h 1 ) :
(1.5)
Thus, the horosphere Hor(h) is the horisontal coordinate plane passing through h, and the map p is the coordinate projection h 7 ! z(h) (see Fig. 1 ). 1.C. Hyperbolization of a ne surfaces. Proposition 1.6. The punctured visibility sphere P = @H 3 n fqg of a pointed at in nity hyperbolic space (H 3 ; q) is endowed with a natural structure of an a ne plane. Proof. The projection p allows one to identify any horosphere Hor(h) with the punctured visibility sphere P. Denote by " h the Riemannian metric on P obtained by restricting the hyperbolic metric onto Hor(h) and then projecting it onto P. By formula (1. (1.8)
Conversely, let us show that any a ne surface gives rise to a pointed at in nity hyperbolic 3-manifold.
De nition 1.9. Let S be a Riemann surface. The elements of the scaling bundle p : HS ! S over S are conformal circles in the tangent spaces T z S; z 2 S. Any circle h 2 HS can be considered as the unit circle of the associated conformal Euclidean metric " h on T ph S. Below we shall often identify h and " h , and consider HS as the bundle of conformal Euclidean metrics on tangent spaces T z S; z 2 S.
We can use formula (1.8) to de ne (h 1 ; h 2 ) for any two points h 1 ; h 2 2 HS from the same ber. Therefore, any ber of p is endowed with the metric d(h 1 ; h 2 ) = (h 1 ; h 2 ) ; ph 1 = ph 2 :
(1.10) Proposition 1.11. If A is an a ne plane, then HA is given a natural structure of a pointed at in nity hyperbolic space.
Proof. We shall realize A as the boundary plane of the hyperbolic space in the upper half-space model.
The bers of the bundle p : HA ! A are endowed with the metric (1.10), and the points of HA are themselves metrics on tangent spaces T z A. In order to combine them and produce a metric on HA we shall need the a ne connection over A. Since A is simply connected, the a ne connection (being at) gives natural bijections between all bers of p which preserve the distance (1.10). These bijections are obtained by the parallel transport of metrics " h ; h 2 HA and provide us with a product structure on HA. In other words, any metric " h extends from the tangent space T ph A to a Euclidean metric (also denoted " h ) on A (note that because of this formula (1.8) for the Busemann cocycle now makes sense for all h 1 ; h 2 2 HA, not just for those from the same ber). Now taking the product of the metric " h and the ber metric (1.10) gives precisely the Riemannian metric (1.4).
We shall call the constructed correspondence H between a ne planes and pointed at in nity hyperbolic spaces the hyperbolization functor. Remark 1.12. In the same way one can easily see that the hyperbolization functor H is bijective between the category of complete a ne surfaces and the category of complete hyperbolic 3-manifolds obtained by factorizing a pointed at in nity hyperbolic space (H 3 ; q) by a freely acting discrete horospheric group (i.e., the one which preserves the horospheres centered at q).
1.D. A ne and Euclidean laminations. Let now L be a Riemann surface lamination, i.e., the leaves of L are Riemann surfaces, and there is an atlas of local charts (\ ow boxes") such that the transition maps are conformal and transversely continuous. Further restricting the class of leafwise transition maps one gets a ne and Euclidean laminations (cf. De nition 1.1). Their leaves are a ne and Euclidean surfaces, respectively. If the leaves of an a ne lamination are isomorphic to the standard a ne plane C , we also call it a C -lamination. Now one can ask whether, given an a ne lamination A, its structure can be re ned to that of a Euclidean lamination. In other words, whether one can choose a Euclidean ( parallel) metric on every leaf of A (in Gh97] this is called uniformization).
As we have already mentioned, a single leaf of an a ne lamination is always uniformizable. However, the problem is that the leafwise Euclidean metrics have to be consistent with the lamination structure, i.e., have to be \well-behaved" when one passes from one leaf to another one. In the lamination setup (with no transverse smooth structure) one can deal either with the continuous or with the Borel category.
De nition 1.13. An a ne lamination is uniformizable in the continuous (resp., Borel)
category if it admits a leafwise parallel metric which is transversely continuous (resp., Borel).
Below for simplicity we shall only deal with the a ne C -laminations, although all the considerations carry over to general a ne laminations as well (cf. Remark 1.12 and Remark 1.17 below).
Let A be a C -lamination. Then the application of the hyperbolization functor H to the leaves L of A gives rise to the lamination H = HA (the hyperbolization of A) whose leaves are pointed at in nity hyperbolic 3-spaces HL. The p(h); h . Therefore, the graph of the section coincides with the level set f ?1 (0).
Conversely, if satis es (1.15), then the level set f ?1 (0) is the graph of a uniquely de ned parallel section .
Clearly, the function f and the section are continuous (resp., Borel) simultaneously.
Corollary 1.16. Let an a ne lamination A be a quotient of a C -lamination e A with respect to a discrete group G of automorphisms. Then A is uniformizable in the continuous (resp., Borel) category if and only if the Busemann cocycle on e A is cohomologically trivial by means of a certain transversely continuous (resp., Borel) G-invariant function on H e A.
Remark 1.17. In order to make Theorem 1.14 valid for general a ne laminations one has to pass to the leafwise de Rham cohomology by replacing the Busemann cocycle with the appropriate di erential 1-form (the di erential of the Busemann cocycle with respect to the second argument). Then the above Corollary would follow from Theorem 1.14 directly applied to the quotient lamination A.
2. Foliations and laminations associated with the hyperbolic space 2.A. Tautological foliations. The simplest building blocks of an a ne lamination are the standard a ne planes. As we have seen, such a plane arises as the punctured visibility sphere P q = @H 3 n fqg of a pointed at in nity hyperbolic space (H 3 ; q). Conversely, the hyperbolization functor H allows one to recover the space (H 3 ; q) from P q . Varying the boundary points q 2 @H 3 we obtain a family of a ne planes P q ; q 2 @H 3 . De nition 2.1. The tautological C -foliation A 0 is the foliation of the locally compact total space @ 2 H 3 = @H 3 @H 3 n diag = There are two natural parameterizations of the space UH 3 (see Fig. 2 2.D. Laminations associated with Kleinian groups. The roles of two factors @H 3 in the de nition (2.2) of the total space @ 2 H 3 of the foliation A 0 are quite di erent: the rst one (the \leafwise direction") is indispensable if we want to have a C -lamination, whereas nothing prevents us from replacing the second one (the \transverse direction") with an arbitrary subset of @H 3 . Therefore, for any subset X @H 3 the space A X = q2X P q fqg is endowed with a lamination structure (this is not a foliation unless X is a submanifold of @H 3 ).
De nition 2.18 ( KL01] ). Let G be a Kleinian group. The lamination A G = A (G) , where (G) @H 3 is the limit set of G, is called the a ne lamination associated with the group G. The corresponding hyperbolic lamination H G = HA G associated with the group G is the product lamination of the total space H 3 (G).
Since the limit set is G-invariant, the group G acts on A G by laminar a ne maps and on H G by laminar isometries. Moreover, the action of G on H 3 (and, therefore, on UH 3 = H 3 @H 3 ) is discontinuous, so that it is also discontinuous on H G = H 3 (G). Denote by M G the corresponding quotient hyperbolic lamination. (iv) The distance between h n and the geodesic ray joining the points o 2 H 3 and h 1 2 @H 3 is o(n).
Combination of (iii) and (iv) implies that 1 -a.e. 1 n h1 (h 0 ; h n ) ! l : As it follows from (i) above, ( 0 ) = 0, so that the function F is 1 -a.e. well-de ned. Since U preserves the measure 1 , (2.21) would be then impossible by the Poincar e recurrence theorem, which gives the sought for contradiction.
Corollary 2.23. There is no Borel G-equivariant map assigning to every point q 2 (G)n 0 (G) a horosphere centered at q.
3. An example of a non-Euclidean affine foliation
The rst example of an a ne foliation A which is not Euclidean was given by Ghys Gh97] (also see Gh99]) on the base of a construction of non-standard deformations of Fuchsian groups due to Goldman Go85] and Ghys Gh87] (note that a completely di erent example is given in KL01]). Here we shall recast the example of Ghys by making more transparent its connection with the foliations associated with the geodesic ow on H 3 .
The dimension of our example is lower as instead of the group SL(2; C ) of isometries of H 3 considered by Ghys in Gh97] we deal directly with the space UH 3 (on the other hand, our example is real, whereas the foliation of Ghys is holomorphic). The argumentation is also di erent: it is based on the recent results BL98], Ka00] on the ergodicity of the horocycle foliation on abelian covers of hyperbolic manifolds rather than on the more restrictive ergodicity of the geodesic ow used by Ghys (which allows us to drop the compactness assumption, see Remark 3.13).
For an arbitrary Kleinian group G the Busemann cocycle on the hyperbolic foliation M G is cohomologically non-trivial (Theorem 2.20); however, M G does not correspond to any a ne foliation (see Remark 2.19). On the other hand, recall that the tautological a ne lamination A 0 can be considered as a quotient of the strongly stable foliation W ss of the geodesic ow with respect to the action of the ow (see formula (2.15) and the ensuing discussion). This factorization preserves the leafwise a ne structure, but destroys the Euclidean structure. The example exploits the same idea, but, in order to have a discontinuous action, we replace the \whole" geodesic ow with a one-dimensional representation ( character) of the group G.
3.A. Twisted action. Take a compact hyperbolic manfold H and put G = 1 (H). The actions of G and of the geodesic ow on UH 3 commute (note that only the rst of these actions is isometric!). We shall now de ne a new \twisted" action of G on UH 3 by combining the original action of G with the geodesic ow. From now on we shall assume that the rst Betti number of G is positive, i.e., the group Hom(G; R) = H 1 (H; R) of additive real-valued characters of G is non-trivial. 
where in the right-hand side v 7 ! gv is the standard action of G on UH 3 (see Fig. 3 ).
We shall also use the same notation T for the action of the group G on the space of We shall prove it under the only assumption that 6 = 0 (i.e., without requiring that the character be necessarily admissible). Indeed, if (3.10) were satis ed, then, as it follows from formula (2.16) for the Busemann cocycle on HW ss , the function f would be expressed as f(h; ) = '( ) + 1 ( ; h) ; In particular, the function ' has to be invariant with respect to the standard action of the kernel G 0 = ker of the homomorphism . On the other hand, the horosphere foliation on the abelian cover H 3 =G 0 of the compact manifold H = H 3 =G is ergodic with respect to the smooth measure class, which is equivalent to ergodicity (again with respect to the smooth measure class) of the action of G 0 on the space Hor(H 3 ), see BL98], Ka00]. Therefore, the function ' must be a.e. constant, which is impossible for 6 = 0 in view of formula (3.12).
Remark 3.13. The only property of the manifold H used in the proof of Theorem 3.9 is ergodicity of the horosphere foliation on its homology cover. It was proved in Ka00] that if the geodesic ow on a hyperbolic manifold H = H 3 =G is ergodic with respect to the Liouville measure ( the group G is of divergent type), then the horosphere foliation on the homology cover of H is also ergodic. Therefore, Theorem 3.9 is valid not just for compact manifolds, but also for all hyperbolic manifolds with ergodic geodesic ow.
